In this paper, we introduce a new Opial-type inequality by using (p, q)-calculus and establish some integral inequalities. We find a (p, q)-generalization of a Steffensens-type integral inequality and some other inequalities.
Introduction and preliminaries
The applications of q-calculus play an important role in mathematics and the field of natural sciences, such as physics and chemistry. It has many applications in orthogonal polynomials, number theory, and quantum theory etc. The q-integer for integer n is denoted by [n] q and defined by [n] q = 1-q n 1-q . In recent years we have also a generalization of q-calculus with one or more parameters such as (p, q)-calculus known as two parameter quantum calculus or post quantum calculus. The (p, q)-integers [n] p,q are defined by [n] p,q = p n-1 + qp n-2 + · · · + q n-1 = ⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ p n -q n p-q (p = q = 1), 1-q n 1-q (p = 1), n (p = q = 1).
(1.1)
In 1960, Opial [10] established some important integral inequalities. In this article our purpose is to obtain Opial-type classical and some recent integral inequalities in the quantum calculus of two parameters, i.e., in (p, q)-analog, which generalize the results of [2, 4] .
In particular, we will find a new generalization of Steffensen's and some other new inequalities.
We recall here some basic definitions and elementary results concerning the (p, q)derivative, the (p, q)-Jacson integral and Opial-type integral inequalities. For 0 < q < p ≤ 1, the (p, q)-derivative of the function f (x) is defined by
The (p, q)-integrals from 0 to α are defined by
Also for two nonnegative numbers such that α < β, we have
Then the Opial integral inequality is given by
For f (t) an absolutely continuous function with f (t) = 0, we have
The purpose of this article is to obtain some Opial-type integral inequalities in (p, q)analog. We will find a (p, q)-generalization of Steffensen's inequality as well as some other inequalities which give a modification of [2, 4] . In particular, we use the nodes φ defined as
Take α = βφ n = ψ n (suppose), then α β = q n p n+1 . In the case of p = 1, the (p, q)-integral is reduced to the q-Jackson integral and further for q = 1 it is reduced to the usual Riemann integral on the interval [α, β].
As a natural phenomenon we order the nodes ψ n , such as ψ n ≤ ψ n+1 for n ∈ N ∪ {0} and define the (p, q)-decreasing function as well as the (p, q)-increasing function, respectively, by
Recently, Mursaleen et al. [5] applied (p, q)-calculus in approximation theory and introduced first (p, q)-analogue of Bernstein operators. Recent results on (p, q)-calculus are obtained in [3, 6, 8, 9, 11, 12] .
(1.10)
Main results
The purpose of this paper is to find (p, q)-analogues of some classical integral inequalities.
In particular, we find (p, q)-generalizations of the inequalities of [2] , as well as some new inequalities involving Taylor's remainder [1] . 
Proof We prove the case for F a (p, q)-decreasing function when F ≥ 0 as well as F ≤ 0. For F ≥ 0, we prove only the left inequality (2.1). We have ∈ N ∪ {0}. Take j = 0, 1, . . . , -1.
In the case of F ≥ 0, we have F(ψ ) ≤ F(ψ j ) for ψ j ≤ ψ (j = 0, 1, . . . , n -) and F(ψ ) ≥ F(ψ +j ) for ψ ≤ ψ +j . Similarly, in the case F ≤ 0, we have F(ψ ) ≥ F(ψ j ) for ψ j ≥ ψ and F(ψ ) ≤ F(ψ +j ) for ψ ≥ ψ +j . The proof is straightforward, so we omit it. Now
Theorem 2.2 For 0 < q < p ≤ 1, n ∈ N, we have the following integral identities:
where μ is any integer such that μ ≥ -1, and R (p,q),
Proof We prove it by induction. We prove it for μ = -1, that is,
Suppose it is true for μ. Then we prove it for μ + 1.
By integration of by parts, we have
Hence we have
From (2.5) and (2.6), we have
And we know that for the (p, q)-integral 
Proof We prove the result for D μ p,q f a (p, q)-decreasing function and in a similar way we can prove it for the case if D μ p,q f is (p, q)-increasing function. Let F(x) = -(D μ+1 p,q f )(x). Then F(x) is a (p, q)-decreasing function. Since D μ p,q f is (p, q)-decreasing, D μ+1 p,q f ≤ 0. Therefore F(x) ≥ 0 and will be a (p, q)-decreasing. Suppose that
Then G(x) = (βqx)(pβq 2 x) · · · (p μ βq μ+1 x) (pβqα)(p 2 βq 2 α) · · · (p μ+1 βq μ+1 α) , (βα)(pβqα) · · · (p μ+1 βq μ+1 α) (pβqα)(p 2 βq 2 α) · · · (p μ+1 βq μ+1 α)
From (2.9), we can write
